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We show that perfect cloning of harmonic oscillator coherent states is possible when one has
knoweledge about only the phase of the coherent state parameter. We also show that even when
this phase is unknown it is possible to achieve what we call perfect information cloning. By this
we mean that it is still possible, with perfect fidelity, to make arbitrary number of copies of a state
which has exactly the same information content as the original unknown coherent state. By making
use of this perfect information cloning it would be possible to make arbitrary number of clones with
fidelity approaching the perfect value arbitrarily closely.
I. INTRODUCTION
It is by now well established that an unknown quan-
tum state cannot be copied [3]. This striking result fol-
lows from the principle of linear superposition of states in
quantum theory. This however does not preclude cloning
of quantum states which belong to some particular class
of states though it is unknown as to which element of the
class the original state is. This would be possible if, for
example, linear superpositions of states belonging to the
class are not themselves in the class thereby nullifying
a chief ingredient of the no-cloning theorem. Coherent
states of the harmonic oscillator are precisely such a class
of states. Linear superpositions of these coherent states
are not themselves coherent states.
This raises the very interesting question of whether
such coherent states can be cloned perfectly or not. We
examine this issue in this paper and answer in the ar-
mative. Many signicant results regarding optimality of
cloning of coherent states have appeared recently in the
literature [4{6]. Proposals for optical implementations
have also been made [7].
Before we establish the main results of this paper we
prove many mathematical statements pertaining to co-
herent states that are crucial to this paper and are per-
haps of general interest. Using these results we rst
identify the hurdles that have to be overcome to achieve
the goals of this paper. Then we prove some important
mathematical results about squeezed coherent states us-
ing which we establish our nal results.
We consider 1 + N systems of harmonic oscillators
whose creation and annihilation operators are the set
(a, ay), (bk, b
y
k) (where the index k takes on values 1, .., N)
satisfying the commutation relations
[a, ay] = 1; [bj , b
y
k] = δjk; [a, bk] = 0; [a
y, bk] = 0
(1)
Coherent states parametrised by a complex number are
given by
jα > = D(α) j0 > (2)
where j0 > is the ground state and the unitary operator
D(α) is given by
D(α) = e a
† −∗ a (3)
Let us consider a disentangled set of coherent states jα >
jβ1 >1 jβ2 >2 ...jβN >N and consider the action of the
unitary transformation










By an application of the Baker-Campbell-Hausdor iden-
tity it is easy to see that the resulting state is also a
disentangled set of coherent states expressed by
jα0 > jβ01 >1 ..jβ0N >N = U jα > jβ1 >1 ..jβN >N
(5)
It is useful to transform the problem to the case where
all ηj are real through a redenition of the creation and
annihilation operators. Denoting κj = rjeij we can in-
troduce the tranformation




This leaves the commutation relations of eqn (1) un-
changed
[~a, ~ay] = 1; [~bj ,~b
y
k] = δjk; [~a,~bk] = 0; [~a
y,~bk] = 0
(7)
The parametrisation of the coherent states are corre-
spondingly redened as
~α = α ~βj = eij βj (8)
The unitary operator U takes the form











The initial state is
jI > = D(~α) D( ~β1 >1 ...D( ~βN >N j0 > j0 >1 ..j0 >N
(10)
Dening
~a(t) = ~U a ~U y ~bj(t) = ~U bj ~U y (11)









~bj(t) = rj~a(t) (12)
The solutions to these eqns are straightforward to nd:














~Mjk = δjk − rjrk
r2
(1 − cos rt) (14)
This transformation induces a transformation on the pa-
rameters (~α, ~βj) which can be represented by the matrix
~U . For this purpose we introduce the notation ~αa with
a = 1, ..., N + 1 such that ~α1 = ~α, ~αk = ~βk−1 and a sim-
ilar notation for the (α, βj) with U as the corresponding
matrix. Then we have
~U1a =
(












cos rt r1r sin rt .. ..
rN
r sin rt
− r1r sin rt ~M11 .. .. ~M1N
.. .. .. ..
.. .. .. ..








~Uab ~Uac = δbc (18)
The orthogonality of this matrix can be demonstrated
directly on physical grounds. It can easily be seen that



















This means that ~U ,U are Unitary matrices. Since ~U is
real it is Orthogonal. The orthogonality of ~U leads to
another very important quadratic invariant in addition








In fact for two independent sets of coherent state param-





















cos rt r1r e
i1 sin rt .. .. rNr e
iN sin rt
− r1r e−i1 sin rt M11 .. .. M1N
.. .. .. ..
.. .. .. ..





Mjk = δjk − e−ij+ik rjrk
r2
(1 − cos rt) (23)
















With these results we rst illustrate the hurdles to be
overcome in cloning the harmonic oscillator coherent
states. For this purpose let us look at the case N = 1.
In this case the state obtained after applying the unitary
transformation U is
α(t) = cos rt α + ei sin rt β
β(t) = cos rt β − e−i sin rt α (25)
Here the best that can be achieved is to set sin rt = 1
and remove known phases through the unitary operator
eiγ a
†a and one sees that it only amounts to swapping but
not cloning. Next, in the general N case, the coecients
2
of α in all βk(t) must be made to have the same mag-
nitude implying r1 = r2 = ..... = rn. With the choice





With the optimal choice of sin rt = 1 and using appro-
priate unitary transformations to remove known phases
one gets N copies of the state j p
N
>. This is not exactly
cloning though we would like to argue that this repre-
sents what we call information cloning. We will come
back to this concept later.
From the above example it is clear why no cloning has
been possible. Because of the unitary character of U the
sum of the absolute value squared of the coecients of α
is always unity and not more than one of them can equal
unity.
This also suggests a possible remedy; and that is to
somehow achieve an increase in the magnitude of the ini-
tial a priori unknown coherent state parameter α.This
can be achieved through an appropriately chosen squeez-





So let us consider applying the squeezing operator S()
to the original unknown coherent state jα >
S()jα >= S() D(α)j0 >= D(α)S()j0 >= jα,  > (28)
where
α = cosh r α + e−2i sinh r α (29)
Here  = re2i. Depending on  the magnitude of α can
indeed be larger than that of α.
Though squeezing has helped to enhance the magni-
tude of α we now need to address the question of disen-
tangled squeezed coherent states remaining disentangled
under U . Fortunately, the result we have on the disentan-
gled evolution of coherent states suces to address this
problem also. Before applying these considerations to
our original goal of cloning, we now establish some gen-
eral results. We rst note the so called normal ordered
form of the squeezing operator:







where Γ = − 12 tanh r e−2i. With the help of this and the
denition of squeezed coherent states jα,  > it is possible
to work out < νjα,  >
< νjα,  >= cosh jj− 12 e− 12 (jj2+jj2)−Γ2 (∗−∗)2+∗ (31)
With the shorthand notation C() = cosh jj− 12 and



















Under the unitary transformation U the product state
jµ > Qk jνk > transforms into jµ(t) > Qk jνk(t) >
given by eqn(22). If we now transform the integration
variables in eqn(32) from(µ, fνkg) to (µ(t), fνk(t)g), one
notices that the measure d2µ
Q
k d














is invariant under U . Only the terms




are not in general invariant which means that in general
the integral will not factorise. However, it is clear that
when ηk = e−2ik , eqns (24) guarantee that even these
terms are invariant under the transformation. In such a
special case, one can put all the terms together to get
U jα,  >
Y
k
jβk, e−2ik  >= jα(t),  >
Y
k
jβk(t), e−2ik  >
(34)
This is a generalisation of the two state considered in
[8]. We however do not agree with their condition for
disentangled evolution of squeezed coherent states. This
remarkable result will play a crucial role in our proof of
cloning.
A. Algorithms for cloning
As stated earlier we start with an unknown coher-
ent state jα > and apply the squeezing operator S()
to this unknown state to get a squeezed coherent state
jα,  >. By construction  is known but α is un-
known. Now we take N known squeezed coherent states
jβk, e−2ik >, k = 1, 2, ..., N . Under the action of U
the product state jα,  > jβ1, e−2i1 > ....jβN , e−2iN  >
goes over to the product state jα(t),  > jβ1(t), e−2i1 >
....jβN (t), e−2iN  >. The (α(t), fβk(t)g are given by eqn
(22). With the simple choice κ1 = κ2 = .. = κN = κ,
sin
p










One could either remove the fβkg- dependence through








or simply make the choice β1 = β2 = ... = βN = β. In ei-
ther case we get N -copies of the state je−i p
N
, e−2i >.
Let us rst look at the case e−i = 1. In this case the
N-copies we get are of the state j p
N
,  >. However, to






)S()j0 >= j αp
N
> (37)
and as before this does not amount to perfect cloning.
The case e−i = i is more interesting. Unlike the pre-
vious case we now get N-copies of the state ji p
N
,− >.
However, to get a coherent state out of this, we have to










α = cosh 2r α + e−2i sinh 2r α (39)
The harmless factor i can be removed through an ap-
propriate unitary transformation generated by aya. In
general p
N
can not be made equal to α with any choice
of (r, φ). However if the phase χ of α is known a priori
it is indeed possible to achieve this with the choice
φ = − χ e2r =
p
N (40)
This demonstrates the possibility of perfect cloning of
harmonic oscillator coherent states when the phase of the
coherent state parameter is known before hand. Actually
this covers the interesting cases of harmonic oscillator
states with purely position or momentum displacements
but not both.
B. Information cloning
In cases where the phase χ of α is not known, it is
not possible to get exact copies of the original unknown
state by our method. But both in the situation without
squeezing (see eqn (26)) and in the case given by eqn(38),
even in the general case we are able to produce N-copies
not of the original state jα > but of a state of the form
jα > which has the same information content as jα >
in the sense that a complete determination of the latter
is equivalent to a complete determination of the former.
This is what we would like to call cloning of information
in contrast to cloning of the quantum state itself. It is
quite plausible that in many circumstances of interest
cloning in this more restricted sense may suce.
Supercially this may appear to be a triviality in the
sense that one can always apply known unitary transfor-
mations on unknown quantum states to produce states
with the same information content in the sense used
above. But what is nontrivial in our construction is that
arbitrary number of copies of such information-equivalent
states can be produced.
Even in the case where the phase of α is unknown,we
can use the copies of the information-equivalent states
to estimate the parameter α. Clearly when the available
number of copies is very large, one can estimate α quite
accurately and use that to create arbitrary number of
clones of the original coherent state. In the case of d-
level quantum states a formula is available giving the
delity that can be achieved given a nite number N of
such states [9{11]. These are based on the pioneering
works of Peres and Wootters [12] which underlies the
concept of positive operator valued measures(POVM). It
will be interesting to know such a relation for coherent
states. With such a relation we can create as many copies
as the required delity demands. To that extent any
coherent state of the harmonic oscillator can be cloned
to any degree of perfection.
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